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Syntax

Imagine a first-order sentence:

∀x∃u∀y∃v φ(x , y , u, v)

Branching quantifiers (Henkin 1961):( ∀x ∃u
∀y ∃v

)
φ(x , y , u, v)

Independence-friendly logic (Hintikka and Sandu 1989):

∀x∃u∀y∃v/x φ(x , y , u, v)

IFG logic (Dechesne 2005):

∀v0/∅∃v1/∅∀v2/{0,1}∃v3/{0,1} φ(v0, v1, v2, v3)
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Semantics

∀v0∃v1(v0 ≤ v1) True in R

∀v0/∅∃v1/{0}(v1 ≤ v0) Neither True nor False in R
True in N

R |=〈3,7〉 (v0 ≤ v1)
R 6|=〈5,4〉 (v0 ≤ v1)

R |=+
{〈1,2〉,〈3,7〉,〈e,π〉} (v0 ≤ v1)

R |=−{〈5,4〉,〈11,8〉} (v0 ≤ v1)
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Definition

For any V ⊆ NA,

A |=+
V φ if Elöıse has a winning strategy for G (A, φ,V ),

A |=−V φ if Abélard has a winning strategy for G (A, φ,V ).

Allen L. Mann Algebraic IF Logic
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Semantics

Proposition (Downward Monotonicity)

If V ′ ⊆ V , then A |=±V φ implies A |=±V ′ φ.

Proposition (Noncontradiction)

A |=+
V φ and A |=−V φ if and only if V = ∅.

These two properties characterize the meanings of IFG-formulas
in finite structures.

Allen L. Mann Algebraic IF Logic



Outline
IFG Logic
CsIFG(A)

“Iff” is not expressible

Syntax
Semantics
Meanings of formulas

Semantics

Proposition (Downward Monotonicity)

If V ′ ⊆ V , then A |=±V φ implies A |=±V ′ φ.

Proposition (Noncontradiction)

A |=+
V φ and A |=−V φ if and only if V = ∅.

These two properties characterize the meanings of IFG-formulas
in finite structures.

Allen L. Mann Algebraic IF Logic



Outline
IFG Logic
CsIFG(A)

“Iff” is not expressible

Syntax
Semantics
Meanings of formulas

Semantics

Proposition (Downward Monotonicity)

If V ′ ⊆ V , then A |=±V φ implies A |=±V ′ φ.

Proposition (Noncontradiction)

A |=+
V φ and A |=−V φ if and only if V = ∅.

These two properties characterize the meanings of IFG-formulas
in finite structures.

Allen L. Mann Algebraic IF Logic



Outline
IFG Logic
CsIFG(A)

“Iff” is not expressible

Syntax
Semantics
Meanings of formulas

Meanings of formulas

Definition (First-order logic)

φA = {~a ∈ NA | A |=~a φ }

Definition (IFG logic)

‖φ‖±A = {V ⊆ NA | A |=±V φ }
‖φ‖A = 〈‖φ‖+A , ‖φ‖−A〉
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CsIFGN
(A)

Definition

CsIFGN
(A) = {‖φ‖ : φ ∈ L σ

IFGN
}

1 = 〈P(NA), {∅}〉
0 = 〈{∅},P(NA)〉

Dij = ‖vi = vj‖
‖φ‖∪ = ‖∼φ‖

‖φ‖+J ‖ψ‖ =
∥∥φ ∨/J ψ∥∥

‖φ‖ ·J ‖ψ‖ =
∥∥φ ∧/J ψ∥∥

Cn,J(‖φ‖) =
∥∥∃vn/Jφ

∥∥
Allen L. Mann Algebraic IF Logic
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Figure 1. CsIFG1(2)

Proof. First we will show that if 0 ≡ 1, then ≡ is the total congruence. If
0 ≡ 1, then for every X we have X = X +∅ 0 ≡ X +∅ 1 = 1. Hence ≡ is the
total congruence. Next we will show that if 0 ≡ Ω or 1 ≡ Ω, then ≡ is the
total congruence. If 0 ≡ Ω, then Ω = Ω∪ ≡ 0∪ = 1. Similarly, if 1 ≡ Ω, then
Ω =Ω ∪ ≡ 1∪ = 0.

Now suppose 0 #= X ≡ 0. Then either

C0,∅ . . . CN−1,∅(X) = 1 or C0,∅ . . . CN−1,∅(X) = Ω.

In the first case, 0 = C0,∅ . . . CN−1,∅(0) ≡ C0,∅ . . . CN−1,∅(X) = 1. In the second
case, 0 = C0,∅ . . . CN−1,∅(0) ≡ C0,∅ . . . CN−1,∅(X) = Ω. Either way, ≡ is the
total congruence. In addition, if 1 #= X ≡ 1, then 0 #= X∪ ≡ 0, so ≡ is the total
congruence.

Finally, if Ω #= X ≡ Ω, then either X #≤ Ω or X∪ #≤ Ω. Hence either

Ω = C0,∅ . . . CN−1,∅(Ω) ≡ C0,∅ . . . CN−1,∅(X) = 1

or

Ω = C0,∅ . . . CN−1,∅(Ω) ≡ C0,∅ . . . CN−1,∅(X∪) = 1.

Thus ≡ is the total congruence. %
Lemma 6.3. Let ≡ be a congruence on any double-suited IFGN -algebra that

includes Ω. If X < Ω < Y and X ≡ Y , then ≡ is the total congruence.

Proof. If X < Ω < Y , and X ≡ Y , then Ω = X +N Ω ≡ Y +N Ω = Y , so by
the previous lemma ≡ is the total congruence. %

1 = 〈P{0, 1}, {∅}〉
A = 〈P{0} ∪P{1}, {∅}〉
B = 〈P{0}, {∅}〉
C = 〈P{1}, {∅}〉
‖v0 = 0‖ = 〈P{0},P{1}〉
‖v0 = 1‖ = 〈P{1},P{0}〉
Ω = 〈{∅}, {∅}〉
. . .

0 = 〈{∅},P{0, 1}〉

Allen L. Mann Algebraic IF Logic
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Figure 3. The interval above Ω in CsIFG1(3)

§7. CsIFG1(3) is not hereditarily simple. Let 3 be the structure with uni-
verse {0, 1, 2} in which all three elements are named by constant symbols. Then
CsIFG1(3) = DSuit1({0, 1, 2}), which has 55 elements. Part of the lattice struc-
ture of CsIFG1(3) is shown in Figure 3. For simplicity, we only show the interval
above Ω. Furthermore, we omit the falsity coordinate and denote each truth co-
ordinate by listing the maximal winning teams. For example, the vertex labeled
{0, 1}, {2} denotes the element 〈P({0, 1})∪P({2}), {∅}〉, and the vertex labeled
∅ denotes 〈{∅}, {∅}〉 = Ω. Readers familiar with the cover of [1] will recognize
that Figure 3 is isomorphic to the free distributive 1-lattice on three generators.
To obtain the full lattice structure of CsIFG1(3) it is necessary to flip the figure
upside-down to get the interval below Ω, then fill in the sides with every possible
double suit incomparable to Ω.

The goal of this section is to show that CsIFG1(3) is simple, but not hereditarily
simple. In fact, every IFGN -algebra whose universe is the collection of all double
suits over a set A is simple.

Proposition 7.1. DSuit(NA) is simple.

Proof. Suppose X and Y are distinct elements of DSuit(NA) such that X ≡
Y . Without loss of generality we may assume that there exists a V ∈ Y + \X+.

Allen L. Mann Algebraic IF Logic
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Perfect IFG-formulas

Definition

The perfection of an IFGN -formula φ, denoted φ∅, is the formula
obtained by emptying all its independence sets, e.g.,

φ is ∀v1/J(v0 = v1 ∨/K v0 6= v1),

φ∅ is ∀v1/∅(v0 = v1 ∨/∅ v0 6= v1).

Note that φ∅ is equivalent to a first-order formula.

Proposition

‖φ‖+ ⊆ ‖φ∅‖+ and ‖φ‖− ⊆ ‖φ∅‖−.

‖φ∅‖ = 〈P(V ),P(NA \ V )〉.
φ is equivalent to a first-order formula iff ‖φ‖ = ‖φ∅‖.

Allen L. Mann Algebraic IF Logic
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Principle of Trivalence

Proposition

Let φ be a sentence, and let ∅ 6= V ⊆ NA.

If A |=±V φ, then A |=±NA φ.

Corollary

If φ is a sentence, then ‖φ‖ ∈ {0,Ω, 1}.
1 = 〈P(NA), {∅}〉
Ω = 〈{∅}, {∅}〉
0 = 〈{∅},P(NA)〉

Allen L. Mann Algebraic IF Logic
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De Morgan Algebras

Definition

A De Morgan algebra is a bounded distributive lattice with a
negation that satisfies

∼∼x = x and ∼(x ∨ y) = ∼x ∧ ∼y .

Definition

A Kleene algebra is a De Morgan algebra that also satisfies

x ∧ ∼x ≤ y ∨ ∼y .

Allen L. Mann Algebraic IF Logic
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Theorem

The class of reducts of CsIFGN
(A) to the signature

〈1, 0, ∪,+N , ·N〉

generates the variety of Kleene algebras.

Therefore, the correct propositional logic to use with IFG logic is
Kleene’s strong three-valued logic.

Allen L. Mann Algebraic IF Logic
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Monadic De Morgan Algebras

Definition

A quantifier on a De Morgan algebra is a unary operation ∇:

∇0 = 0,

x ≤ ∇x ,

∇(x ∨ y) = ∇x ∨∇y ,

∇(x ∧∇y) = ∇x ∧∇y .

∇(∼∇x) = ∼∇x .

A De Morgan algebra equipped with a quantifier is called a
monadic De Morgan algebra.

Allen L. Mann Algebraic IF Logic
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Theorem

The class of reducts of CsIFG1(A) to the signature

〈1, 0, ∪,+{0}, ·{0},C0,{0}〉

generates a subvariety of the monadic Kleene algebras that satisfy

∇(x ∧ ∼x) ≤ ∼∇(x ∧ ∼x).

Allen L. Mann Algebraic IF Logic
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Schema → Term
“Iff” is not expressible in IFG logic

If and only if

In ordinary first-order logic,

A |= φ↔ ψ iff φA = ψA.

In IFG logic, is there a schema such that

A |=+ ξ(φ, ψ) iff ‖φ‖A = ‖ψ‖A?

Allen L. Mann Algebraic IF Logic
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Schema → Term

Definition

Every IFG-schema ξ has a corresponding term Tξ in the language
of IFG-algebras. Tξ is defined recursively as follows:

Tαi = Xi ,

Tvi=vj = Dij ,

T∼ξ = (Tξ)
∪,

Tξ1∨/J ξ2 = Tξ1 +J Tξ2 ,

T∃vn/Jξ = Cn,J(Tξ).
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Proposition

Any CsIFGN
(A) that has a term operation T (X ,Y ) such that

T (X ,Y ) = 1 iff X = Y

is hereditarily simple.

Proposition

CsIFG1(2) is hereditarily simple.

CsIFG1(3) is simple, but not hereditarily simple.
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Theorem

There is no IFG-schema such that

A |=+ ξ(φ, ψ) iff ‖φ‖A = ‖ψ‖A .
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