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Syntax
Semantics
Meanings of formulas

IFG Logic

@ Imagine a first-order sentence:

Vx3uVy3Iv ¢(x,y, u, v)
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Syntax
Semantics
Meanings of formulas

IFG Logic

@ Imagine a first-order sentence:
Vx3uVy3Iv ¢(x,y, u, v)

e Branching quantifiers (Henkin 1961):

Vx du
( vy 3v >¢(X,y, u,v)

@ Independence-friendly logic (Hintikka and Sandu 1989):
Vx3uVy3v, o(x, y, u, v)
@ IFG logic (Dechesne 2005):

VVO/@HV1/@VV2/{071}3V3/{071} ¢(V0, Vi, V2, V3)
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Semantics
Meanings of formulas

IFG Logic

Semantics

(] VV()ElVl(Vo < Vl)
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Syntax
Semantics
Meanings of formulas

Semantics

e VvpIvi(vo < »1) True in R
® Yvo/p3v1/101(v1 < o) Neither True nor False in R
True in N

o RiE37) (o < v)
R ~Eia (o < vi)

° R )231,2),(3,7>,<e,7r>} (vo < w1)

Allen L. Mann Algebraic IF Logic



Syntax
Semantics
Meanings of formulas

Semantics

e VvpIvi(vo < »1) True in R
® Yvo/p3v1/101(v1 < o) Neither True nor False in R
True in N

° Rz (o< w)
R 54 (o <)

° R E{na). @ gem (0 <)
R {54,118 (0 <v1)
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Syntax
Semantics
Meanings of formulas

IFG Logic

Semantics

Definition

For any V C Na,
o A =), ¢ if Eloise has a winning strategy for G(2, ¢, V),
o A =), ¢ if Abélard has a winning strategy for G(2, ¢, V).
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Syntax
Semantics
Meanings of formulas

IFG Logic

Semantics

Proposition (Downward Monotonicity)

IF V' C V, then A = ¢ implies 2 =5, ¢.

Allen L. Mann Algebraic IF Logic



Syntax
Semantics
Meanings of formulas

IFG Logic

Semantics

Proposition (Downward Monotonicity)

IF V' C V, then A = ¢ implies 2 =5, ¢.

Proposition (Noncontradiction)

A=V ¢ and A =, ¢ if and only if V = ().

Allen L. Mann Algebraic IF Logic



Syntax
Semantics
Meanings of formulas

IFG Logic

Semantics

Proposition (Downward Monotonicity)

IF V' C V, then A = ¢ implies 2 =5, ¢.

Proposition (Noncontradiction)

A=V ¢ and A =, ¢ if and only if V = ().

These two properties characterize the meanings of IFG-formulas
in finite structures.
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Semantics
Meanings of formulas

IFG Logic

Meanings of formulas

Definition (First-order logic)

p*={3eA|A};0}
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Syntax
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Meanings of formulas

IFG Logic

Meanings of formulas

Definition (First-order logic)

p*={3eA|A};0}

A\

Definition (IFG logic)

léllz ={V Al A=y ¢}
8l = (Il 1 ¢l12)

\
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Examples
Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Csirgy (&) = {ll9ll : ¢ € Lrg, }
1= (2("4),{0})
0 = ({0}, 2("A))
Dy = ||vi = vjl|
Ig]l° = |~¢ll
Il + 1l = (| V¢
Il -5 Il = || A/
Cru(llll) = ||3vays9)|
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T o 1=(2{0,1},{0})
Z{0tu 2{1},{0})

o A=
N o B = (2{0}, {0})
| e Ay S | o C=(2{1},{0})
-4 ! o o |lvo =0l = ({0}, #{1})
NN o [vo=1| = ({1}, 2{0})
N o Q= ({0},{0})

0 o 0= ({0}, 2{0,1})
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Examples
Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

{0,1},{0,2} {0,1},{1,2} {0,2},{1,2}
— T~
< >
{0,1},{2} {0,2}, {1} {1,2},{0}

T T~ | =T
{0, 1} {0}, {1}, {2} {0,2} {1,2}
o -

| >

{0}, {1} {03, {2} {1342}

|
{2}
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Perfect IFG-formulas

Definition
The perfection of an IFGy-formula ¢, denoted ¢y, is the formula
obtained by emptying all its independence sets, e.g.,

¢ is Vvl/J(Vo =w V/K Vo # V1),
¢5@ is Vvl/@(vo =w \//Q) Vo # Vl).

Note that ¢y is equivalent to a first-order formula.
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Perfect IFG-formulas

The perfection of an IFGy-formula ¢, denoted ¢y, is the formula
obtained by emptying all its independence sets, e.g.,

¢ is Vvl/J(Vo =w V/K Vo # V1),

¢Q) is Vvl/@(vo =w \//Q) Vo # Vl).

Note that ¢y is equivalent to a first-order formula.

o It C gl * and I~ < ligoll~
o ldpll = (2(V), Z(NA\ V)).
@ ¢ is equivalent to a first-order formula iff ||¢|| = ||pp||-

Allen L. Mann Algebraic IF Logic




Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Principle of Trivalence

Proposition
Let ¢ be a sentence, and let ) # V C NA.

If A =Y ¢, then A =, ¢.
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Principle of Trivalence

Let ¢ be a sentence, and let ) # V C NA.

If A =Y ¢, then A =, ¢.

Corollary

If ¢ is a sentence, then ||¢| € {0,9,1}.
o 1=(2("A),{0})
o 0= ({0},{0})
o 0= ({0}, 2("A))
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

De Morgan Algebras

Definition
A De Morgan algebra is a bounded distributive lattice with a
negation that satisfies

~r~x=x and ~(xVy)=~xA~y.
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Examples
Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

De Morgan Algebras

A De Morgan algebra is a bounded distributive lattice with a
negation that satisfies

~r~x=x and ~(xVy)=~xA~y.

A Kleene algebra is a De Morgan algebra that also satisfies

XN~Xx < yVeay.
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Boolean C Kleene C De Morgan

LN
N
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

The class of reducts of €sipg,, () to the signature

<1707U7+Na 'N>

generates the variety of Kleene algebras.
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

The class of reducts of €sipg,, () to the signature
<1a 07 U: +Ns 'N>

generates the variety of Kleene algebras.

Therefore, the correct propositional logic to use with IFG logic is
Kleene's strong three-valued logic.
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Examples

Perfect IFG-formulas
CsIFG(A) De Morgan Algebras

Monadic De Morgan Algebras

Monadic De Morgan Algebras

Definition
A quantifier on a De Morgan algebra is a unary operation V:
e V0 =0,
e x < Vx,
e V(xVy)=VxVVy,
e V(x A\Vy)=VxAVy.
o V(~Vx) =~Vx.

A De Morgan algebra equipped with a quantifier is called a
monadic De Morgan algebra.
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Examples
Perfect IFG-formulas

CsIFG(A) De Morgan Algebras
Monadic De Morgan Algebras

The class of reducts of €sipg, (21) to the signature
<17 9, +{0}7 {0}> CO,{O})
generates a subvariety of the monadic Kleene algebras that satisfy

V(xA~x) < ~V(xA~x).
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Schema — Term
“Iff” is not expressible in IFG logic
“Iff” is not expressible

If and only if

@ In ordinary first-order logic,

Ak o ¢ iff ¢ =2
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Schema — Term
“Iff” is not expressible in IFG logic
“Iff” is not expressible

If and only if

@ In ordinary first-order logic,
Ak o ¢ iff ¢ =2
@ In IFG logic, is there a schema such that

AETE(0 ) it (olly = Il lly?
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Schema — Term
“Iff” is not expressible in IFG logic
“Iff” is not expressible

Schema — Term

Every IFG-schema ¢ has a corresponding term T¢ in the language
of IFG-algebras. T¢ is defined recursively as follows:

o To =X

o Ty—y =Dy,

o Tog=(Te)",

° Ty 6= Tey +u Tey,

o Tay,,,c = Cou(Te).
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Schema — Term
“Iff” is not expressible in IFG logic

“Iff” is not expressible

“Iff" is not expressible in IFG logic

Proposition

Any Csieg,, () that has a term operation T(X,Y') such that
T(X,Y)=1 iff X=Y

is hereditarily simple.
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Schema — Term
“Iff” is not expressible in IFG logic

“Iff” is not expressible

“Iff" is not expressible in IFG logic

Proposition

Any Csieg,, () that has a term operation T(X,Y') such that
T(X,Y)=1 iff X=Y

is hereditarily simple.

Proposition

o Csrg,(2) is hereditarily simple.
o Csrg,(3) is simple, but not hereditarily simple.
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Schema — Term
“Iff” is not expressible in IFG logic

“Iff” is not expressible

“Iff" is not expressible in IFG logic

There is no IFG-schema such that

AETE(B¢) i Nplly =1l
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Schema — Term
“Iff” is not expressible in IFG logic

“Iff” is not expressible

WINNER UF THE PULITZER PRIZE

FUGUE ON MINDS AND MACHINES
T OF LEWIS CARROLL
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