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Summary of Last Week

Independence Logic

Independence Atoms (Gradel, Vaananen)
MEx =t 1z t if and only if, for all s, s’ € X such that
ty(s) = ty(s’) there exists a s” € X such that

— —

ta(s")to(s”) = tu(s)ta(s), t(s")ta(s”) = tu(s)ta(s").

Independence Logic 7
7 = First Order Logic + Independence Atoms
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Summary of Last Week

Properties of Independence Logic

Properties of Independence Logic (Gradel, Vaananen)
@ Contains Dependence Logic;
@ As expressive as Dependence Logic over sentences;

@ More expressive on open formulas (no downwards
closure).
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Summary of Last Week

Properties of Independence Logic

Properties of Independence Logic (Gradel, Vaananen)

@ Contains Dependence Logic;
@ As expressive as Dependence Logic over sentences;

@ More expressive on open formulas (no downwards
closure).

Open Problem

What classes of teams are definable by open formulas in
Independence Logic Z?

A\

This talk will answer this.
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Summary of Last Week

Tuple Existence Logic

Tuple Existence Atoms (Inclusion Dependencies)

M =x =t; @ t, if and only if, for all s € X there exists a s’ € X
such that

—

ti(s) = t(s');

Negated Tuple Existence Atoms (Exclusion Dependencies)
M Ex = =(t; @ t;) if and only if, for all s, " € X,

tu(s) # &(s).
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Summary of Last Week

Tuple Existence Logic

Tuple Existence Logic T
@ 7+ = First Order Logic + Inclusion atoms t; @ ty;
@ 7~ = First Order Logic + Exclusion atoms —(t; @ t,);
@ 7 = First Order Logic + Inclusion and Exclusion atoms.
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Summary of Last Week

Exclusion Logic and Dependence Logic

Dependence atoms in 7 —

The dependence atom =(t; .. .t,) is equivalent to the
expression

VZ(Z =tV _|(t1 coth1z @ty ... tn—ltn))-

-

Exclusion atoms in D

There exists a formula ¢ in Dependence Logic such that

M =x ¢ ifand only if M =x —(t; @ t,)

\

Pietro Galliani Independence logic and tuple existence atoms, part 2



Summary of Last Week

Exclusion Logic and Dependence Logic

Dependence Logic is Exclusion Logic

@ For every formula ¢ € D there exists a 1) € 7~ such that

MEx ¢ & M Ex ¥,

@ For every formula ) € 7~ there exists a ¢ € D such that

MEx ¢ < MEx ¢
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Summary of Last Week

Tuple Existence Logic and Independence Logic

Independence atoms in 7

P g ts is equivalent to

VP1P2P3(—(P1P2 @ tit2) Vg, 5,5, (P1P3 @ t1t3)Vp 5,5,

V'B152Bs P1P2p3 @ titots).

>

Tuple Existence Atoms in Z

t; @ t, is equivalent to

YuiuZ((Z At AZ £ 6)V (U £ Uy AZ # )V
V ((Ul =UVZ= 1?2) NZ Lo U1U2)).

>
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Summary of Last Week

Tuple Existence Logic and Independence Logic

Independence Logic is Tuple Existence Logic

@ For every formula ¢ € 7 there exists a 1) € 7 such that

MEx ¢ & M Ex ¥,

@ For every formula v € T there exists a ¢ € Z such that

MEx v &M Ex ¢
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Definability in Tuple Existence Logic

Definability in Tuple Existence Logic

From Tuple Existence Logic to Z}

For every formula ¢ € T there exists a sentence ¢’ Z} such
that M |=x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.

From Z% to Tuple Existence Logic

For every sentence ¢/(R) € X} there exists a formula ¢ € T
such that M |=x ¢ if and only if M, Rel(X) | ¢’ for all suitable M
and all nonempty X.
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Definability in Tuple Existence Logic

Definability in Tuple Existence Logic

From Tuple Existence Logic to Z}

For every formula ¢ € T there exists a sentence ¢’ Z} such
that M |=x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.

From Z% to Tuple Existence Logic

For every sentence ¢/(R) € X} there exists a formula ¢ € T
such that M |=x ¢ if and only if M, Rel(X) | ¢’ for all suitable M
and all nonempty X.

Thanks to Juha Kontinen for pointing out this requirement!
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Definability in Tuple Existence Logic

Corollary: Definability on Independence Logic

From Independence Logic to ¥}

For every formula ¢ € 7 there exists a sentence ¢’ € Z} such
that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.

A\

From X1 to Independence Logic

For every sentence ¢/(R) € X1 there exists a formula ¢ € 7
such that M E=x ¢ if and only if M, Rel(X) | ¢’ for all suitable M
and all nonempty X.

~
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Definability in Tuple Existence Logic

Left to Right

From Tuple Existence Logic to Z}

For every formula ¢ € T there exists a sentence ¢’ € Z} such
that M =x ¢ if and only if M, Rel(X) | ¢’ for all suitable M and
all nonempty X.
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Definability in Tuple Existence Logic

Left to Right

From Tuple Existence Logic to Z}

For every formula ¢ € T there exists a sentence ¢’ € Z} such
that M =x ¢ if and only if M, Rel(X) | ¢’ for all suitable M and
all nonempty X.

\

Proof.
By structural induction over ¢.

@ If ¢ is afirst order literal,

M x ¢ < M, Rel(X) = ¥X(RX — ¢);

Ol
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Definability in Tuple Existence Logic

Proof (Continued).

@ If ¢ is an inclusion dependency t; @ th, M [=x ¢ iff
M, Rel(X) = VX1 (RXy — X (RXo Aty (X1) = 6(X2)));

@ If gis i1 V 1o, let ¢F(R) and ¥3(R) be the corresponding
Y1 sentences. Then

M =x ¢ <M, Rel(X) E3Y3Z(Y UZ =RAY NZ =0A
API(Y) A3(2)).
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Definability in Tuple Existence Logic

Proof (Finished).
@ If g is i1 A 1)o, let 45 (R) and ¥3(R) be the corresponding
¥1 sentences. Then

M Ex ¢ & M,Rel(X) = ¢1(R) A 3(R)) :
@ If ¢ is Ixp1 19, M Ex ¢ if and only if
M, Rel(X) = 3Z (VX(RX — 37 Ixn11 ZXXns1) A 0*(2));
@ If ¢ is VXxn11¢, M =x ¢ if and only if

M, Rel(X) = 3Z (VX(RX — VXni1 ZXXni1) A 0*(Z)).

Ol

>
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Definability in Tuple Existence Logic

Right to Left

From Z% to Tuple Existence Logic

For every sentence ¢/(R) € X7 there exists a formula ¢ € T
such that M [=x ¢ if and only if M, Rel(X) [ ¢’ for all suitable M
and all nonempty X.

Similar to the ones in KV 2009 and KN 2009.

Write ¢/(R) as IR’3f VZ((R'X <> RX) A ¢(R’, 7)) where X
subsequence of Z,

1 quantifier free, R not in ¢, each f; only as f;(w;) for some fixed

w; C Z, R’ only as R'X. O
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Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Write ¢/(R) as 3R'Jf VZ((R'X +» RX) A ¢(R’,Z)) where X
subsequence of Z,

1 quantifier free, R not in ¢, each f; only as f;(w;) for some fixed
w; C Z, R’ only as R'X.

Then M, Rel(X) & ¢’ if and only if

M, Rel(X) k= 391927 VZ((f1(X) = f2(X) > RX) A ¢/(2))

where ¢’ = 9[fiX = fX /RX]. O
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Definability in Tuple Existence Logic

Right to Left

Proof (continued).

¢ = 301957 VZ((01(X) = g2(X) ¢+ RX) A¢/(2))

where ¢’ = 9[g1X = g2X/RX].
Then, if X nonempty, Dom(X) =y, M, Rel(X) & ¢’ iff

2
M |=x VZ3ug U,V ( (/\x Uj /\/\ WJ,VJ)

A(X @Y Aug =uz) V(=X @y/\ulyéuz))AG)

where 6 is ¢/[uy /g1X][uz/goX][W /FW]. O

o

Pietro Galliani Independence logic and tuple existence atoms, part 2



Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Suppose that, for all s with domain Z,

M, Rel(X), 91,92, f = (91(X) = g2(X) ¢ RX) A ¢/ (Z).

—

Extend X to Y choosing the uq, u,, V according to g4, g5, f.
o M =y A2y =(X,u) A A =(Wj,V;): obvious;
@ M [y 6: by construction;
OMEy (X@Y AU =Up) V(=X @Y Aup # Up):
If up = up, X € Rel(X),so X Q;
If up # up, X ¢ Rel(X), so =X @Y.
[]

o
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Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Conv., suppose X nonempty, Y = X[M /Z][G1/u1][G2/u,][F /V]

M):Y/\ (X, uj /\/\ (Wi, v;),

M):YOz y A 1=U2)

(=X @y Aug # up),
My 0

Choose g1(X), g2(X), f(vT/) according to Gy, G,, F
Let s be any assignment, domain = Z.
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Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Choose g1 (X), g2(X), f(W) according to Gy, G,, F.
Let s be any assignment, domain = Z.

) M,ReI(R),gl,gz,fﬁ):s ' Take h € X. Then
h[s/Z][g1/u1][g2/u2][f/V] € Y, M =y 6.
o M> ReI(R)7917927f ):S gl()z‘) = 92(%) A RX:
Suppose g1 (X) = g2(X), let h € X.
Consider 0 = h[s/Z][g1/u1][g2/u2][f /V]:
0€Y1,M [y, X @Y. So 30" € Yy, 0'(Y) = 0o(X), so
s(X) = o(X) € Rel(X).

Ol

o
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Definability in Tuple Existence Logic

Right to Left

Proof (finished).

Choose g1 (X), g2(X), f(vV) according to Gy, Gy, F.
Let s be any assignment, domain = Z.

® M,Rel(R), 01,0z, f =5 g1(X) = ga(X) ¢ RX:
Suppose g;(X) # g2(X), leth € X.
Consider o = h[s/Z][ga/u1][g2/uz][f /V]:
0€Yy,MEy, X QY. SoVo' €Yy, o'(y) # o(X).
But for all ' € X, o/ = h[s/Z][g1/u1][g2/ua][f /V] € Y2;
then, for all such h’,
s(X) = o(x) # 0'(y) = ().
Therefore, s(X) € Rel(X)

Ol

o
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Definability in Tuple Existence Logic

Definability in Tuple Existence Logic

Equality Generating Dependencies

V)?(Rf;_ /\ e /\ Rf;’] — tn+1 = tn+2)

Tuple Generating Dependencies

VX(Rty A ... ARty — JyRt)

Pietro Galliani Independence logic and tuple existence atoms, part 2



Definability in Tuple Existence Logic

Definability in Tuple Existence Logic

Equality Generating Dependencies

V)?(Rf;_ /\ e /\ Rf;’] — tn+1 = tn+2)

Tuple Generating Dependencies

VX(Rty A ... ARty — JyRt)

Corollary

All Tuple Generating and Equality Generating Dependencies
are expressible in Independence Logic (or in 7).
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

e Strict and Lax Semantics
@ Disjunction
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Two Semantics for Disjuction

M [=x Vi, < 3Y,Z st X = YUZ,M vy ¢ and M 2 p;

A strict semantics

M=x 91 VS gy <3Y,Z st X =Y UZ,XNY =0,
M =y ¢ and M =7 1o;
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Two Semantics for Disjuction

M [=x Vi, < 3Y,Z st X = YUZ,M vy ¢ and M 2 p;

A strict semantics

M=x 91 VS gy <3Y,Z st X =Y UZ,XNY =0,
M =y ¢ and M =7 1o;

D is usually given with 3- (or even: XCY U Z).
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

In Dependence Logic, Lax = Strict

No difference for D (or for 7)
If 11,92 € D, M f=x 1y VS 4y iff M x4y VE 4.

0 IfM x 11 V3 4p, M =x 1 VE 4y,

@ IfM ':x Y1 Vb o then X = X, U X5, M ):Xl Y1, M ):Xz .
Take Y = X,\X;: by downwards closure, M =y 1y,
XiuUY =X,soM ):x 1/)1\/Sw2.

Pietro Galliani Independence logic and tuple existence atoms, part 2



Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

In Inclusion or Independence Logic, Lax # Strict

Different for 7+ (and for 7", and for Z)!

There exist M, X and 1,1, € T such that

M [=x 11 VE o but M ey 1y VS 4y,

x|y |z
_Sp 0112 .
Let X = s;|1/0/3 and Dom(M) = {0...4}. Then
s214/3]|0

M Ex (x @y) V- (y @2), M &y (x @y) VS (y @ 2).

0J

>
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (continued).

x|y |z
5o 012
X_Sl 1|03
S |4(3|0

O M=x (x@y) V- (y @2):
LetY = {sg,S1},Z = {s1,S2}.
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (continued).

[ x|y |z
5o 0|12
X_Sl 1103

S |4(13|0

O M=x (x@y) V- (y @2):
LetY = {so,S1},Z = {s1,S2}.
M ):Y xQy,

Pietro Galliani Independence logic and tuple existence atoms, part 2



Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (continued).

So
S1
S2

X —

» P O X
O W NN

O M=x (x@y) V- (y @2):
LetY = {so,S1},Z = {S1,S2}-
MEyxQy, MfEzyQz.
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (finished).

x|y ]|z
_50012
X= s l1]0]3
s, 14130

o M £y (x @y) V- (y @2):
LetX =Y UZ, M}y x0Qy, M|z Yy Qz.

v
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (finished).

x|y ]|z
_50012
X= s l1]0]3
s, |4|13(0

o M £y (x @y) V- (y @2):
LetX =Y UZ, M}y x0Qy, M|z Yy Qz.
S, €Y,s0S8, € Z

v
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (finished).

x|y ]|z
_50012
X= s l1]0]3
s, 14|30

o M £y (x @y) V- (y @2):
LetX =YUZ MEyxQy, M,y Qz.
S, €Y,S0S, € Z,50S1 € Z;

v
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (finished).

x|y ]|z
_50012
X= s/ l1]0]3
s, 14130

O My (x@y)Vh(y @2):
LetX =Y UZ, M}y x0Qy, M|z Yy Qz.
S2 ¢Y,808, €Z,50S; € Z;
So¢Z,S0Sg €Y

v
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Inclusion or Independence Logic, Lax # Strict

Proof (finished).

x|y ]|z
_50012
X= s l1]0]3
s, 14130

o M £y (x @y) V- (y @2):
LetX =Y UZ, M}y x0Qy, M|z Yy Qz.
S2 ¢Y,808, €Z,50S; € Z;
So?¢Z,S0S9€Y,S0S; €Y.
SoY NZ #0.

Ol

o
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

From Strict to Lax Disjunction

From strict to lax

If z not in vy, 15,

M x ¢ Ve & M x Yz (Y1 VE o).

| A\

Proof.

Let 0 € Dom(M), assume |Dom(M)| > 2.
Suppose X =Y UZ, M Ey Y1, M =z ¢, and letW =Y NZ.
Now define

Y’ = (Y\W)[M/z] U (W[0/z]),Z’ = Z[M/z]\Y".

ThenY' NZ'=0,Y'UZ =X[M/z],M v/ 1, M Ez/ o, [
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Trivial Quantification and V>

Corollary: VS is not invariant under trivial quantifications!

There exist formulas 1 and ¢, € T, such that z does not occur
in 4y, o but
11 VS W # VZ(1hy VO ).
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Trivial Quantification and V-

VL invariant under trivial quantification
For all v, and v, in 7 and all z & 11, 15,

1 VS oy # VZ(1h1 VO o).

Obvious from definition: if X =Y UZ, M =y ¥1, M =y 12, then
X[M/z] =Y [M/z]UZ[M/z], M Evym/z) Y1, M Ezmyz) Y2 O
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Trivial Quantification and V-

VL invariant under trivial quantification
For all v, and v, in 7 and all z & 11, 15,

1 VS oy # VZ(1h1 VO o).

Obvious from definition: if X =Y UZ, M =y ¥1, M =y 12, then
X[M/z] =Y [M/z]UZ[M/z], M Evym/z) Y1, M Ezmyz) Y2 O

This strongly suggests that we want V% in our semantics.
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

e Strict and Lax Semantics

@ Existential Quantification
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

Two Semantics for Existentials

A strict semantics
M x 3¥x¢ < IF : X = M sit. M Ex e x ¥,
for X[F /x] = {s[F(s)/x] : s € X};

A lax semantics
M fx 3% < 3F : H = P(M)\{0} s.t. M f=x /¢ ¢,
for X[H/x] = {s[m/x] : s € X,m € H(s)}.
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

Two Semantics for Existentials

A strict semantics
M x 3¥x¢ < IF : X = M sit. M Ex e x ¥,
for X[F /x] = {s[F(s)/x] : s € X};

A lax semantics
M fx 3% < 3F : H = P(M)\{0} s.t. M f=x /¢ ¢,
for X[H/x] = {s[m/x] : s € X,m € H(s)}.

D is usually given with 35,
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

In Dependence Logic, Strict = Lax

No difference for D (or for 7 )
If p € D, M [=x ISx9 iff M |=x 3-x4) (using AC).

0 If M =y 3I5x¢, M =x 3-x4;

@ If M [=x 3"Xth, M F=x (/%) ¥ for some H : X — P(M)\{0}.
Let F : X — M be such that F(s) € H(s) for all s € X: then
X[F/x] € X[H/x], so by downward closure M |=x [ /x] -
Then M [=x 35x4, as required.

Ol

>
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

In Independence and Inclusion Logic, Strict # Lax

Different for 7+ (and for 7", and for 7)!
There exist M, X and ¢ € 7 such that

M [=x 3"xep but M ey 354

Let Dom(M) = {0,1,2}, PM = {(0,2),(1,0),(1,1)}, and

X = {so,s1} forso = (y : 0),s1 = (y : 1).

Then

M Ex 3'x(y @ x A Pyx) but M [y 35x(y @ x A Pyx). O
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Independence and Inclusion Logic, Strict # Lax

Proof (continued).

Dom(M) = {0, 1,2}, PM = {(0,2),(1,0),(1,1)}, and
X ={sp,s1} forsp =(y : 0),s1 = (y : 1).
@ M [=x 3'x(y @ x A Pyx): letH : X — P(M) be such that
H(so) = {2}, H(s1) = {0,1}. Then

and this team satisfies y©x and Pyx.

Ol

o
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Disjunction
Existential Quantification

Strict and Lax Semantics ) ;
Recovering Strict Semantics

In Independence and Inclusion Logic, Strict # Lax

Proof (finished).

Dom(M) = {0,1,2}, PM = {(0,2),(1,0),(1,1)}, and
X ={sp,s1} forsp =(y : 0),s1 = (y : 1).
@ M [y ISx(y @ x A Pyx): take any F : X — M, and
consider X[F /x].
If F(So) #2, M %X[F/X] Pyx; so F(So) = 2.
But then

\y\ X
0 2
1| F(s1)
and M Ex e /x Y @ X, since F(sl) #0orF(sy) # 1.

X[F /x] =

O

i
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

From Strict to Lax Existentials

From strict to lax semantics
If z notin vy and z # x,

M =x 3%y & M [=x Yz3 %)
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

From Strict to Lax Existentials

Proof.

Suppose that for H : X — P(X)\{0}, M |=x{n/x] ¥
For every s € X, let ms € H(s); then define F : X[M/z] — M as

[/ m if meH(s);
ez ) = { ms otherwise.
Forgetting the variable z, X[M /z][F /x] is precisely X[H/z];
hence,
M E=xm/z)[F /x] ¥ @s required (other direction is trivial). O
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Trivial Quantification and 3°

Corollary: 3% is not invariant under trivial quantifications!
There exists a 1) € T, such that z does not occur in it but

ISxep £ VzI¥xp.
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Trivial Quantification and 3-

3+ invariant under trivial quantification
Forall ¢ in 7 and all z & 1,

Ixep = vz3tse.

| A

Proof.
If forH : X [M /Z] — P(M) it holds that M ’:X[M/Z][H/X] 1/), define
H : X — P(M) as

H'(s) = {m e M : 3m’ € M s.t. m € H(s[m'/z])}.

Then M [=x 1 /7 ¥, as required. Ol
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Disjunction
Existential Quantification

Strict and Lax Semantics Recovering Strict Semantics

Trivial Quantification and 3-

3+ invariant under trivial quantification
Forall ¢ in 7 and all z & 1,

Ixep = vz3tse.

| A

Proof.
If forH : X [M /Z] — P(M) it holds that M ’:X[M/Z][H/X] 1/), define
H : X — P(M) as

H'(s) = {m e M : 3m’ € M s.t. m € H(s[m'/z])}.

Then M [=x 1 /7 ¥, as required. Ol

This strongly suggests that we want 3 in our semantics.
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Disjunction
Existential Quantification
Recovering Strict Semantics

Strict and Lax Semantics

e Strict and Lax Semantics

@ Recovering Strict Semantics
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Disjunction
Existential Quantification

Strict and Lax Semantics . . .
Recovering Strict Semantics

Strict Existentials on a Fixed Domain

Recovering strict existentials

Let X be a fixed tuple of variables. Then, for all teams X with
Dom(X) =X, forall z and all ) € T,

M E=x %29 & M =x 3'2(=(X,2) A ).

| \

Recovering strict disjunctions

Let X be a fixed tuple of variables. Then, for all teams X with
Dom(X) = X, for all z and all 11,1, € T,

M Ex Y1V & M Ex 352125((21 = 2o A1) VE (21 # 22AY2))

~
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Disjunction
Existential Quantification

Strict and Lax Semantics . . .
Recovering Strict Semantics

Recovering Strict Operators in 7 and Z

As long as the domain of the team X is fixed, we can use the
strict semantics for 7 or Z, and the result will be transferable to
the lax one.
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Disjunction
Existential Quantification

Strict and Lax Semantics . . .
Recovering Strict Semantics

Recovering Strict Operators in 7 and Z

As long as the domain of the team X is fixed, we can use the
strict semantics for 7 or Z, and the result will be transferable to
the lax one.

This does not necessarily hold for Inclusion Logic 7!

Convention: 7 has the lax semantics, unless otherwise
specified.
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Inclusion Logic

Another question

What we know so far

FOLCT =DCZI=T,;
FOLCTTCI=T.
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Inclusion Logic

Another question

What we know so far

FOLCT =DCI=T,;
FOLCTTCZI=T.

What about 7 ?
@ [s it stronger than First Order Logic?

@ Is it contained in Dependence Logic?
@ Does it contain Dependence Logic?
@ Is it Independence Logic and 7 already?
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Inclusion Logic

T is not downward closed

A simple Inclusion Logic formula
M [=x Vy(y @x) if and only if X(x) € {0,M}.

If X # 0,

M Ex VY (y @x) < M =xmyy Y @x <
< Vm e M3s e X sit. s(X) =m < X(x) =M.

A\
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Inclusion Logic

T is not downward closed

@ First Order Logic is properly contained in 7;
@ Dependence Logic does not contain 7.
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Inclusion Logic

Inclusions between logics of imperfect information
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Inclusion Logic

A Closure Property for 7+

Letp € TT. Then, for all M and all X, Y,

MEx ¢, M Ey ¢ = M Exuy ¢.
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Inclusion Logic

A Closure Property for 7+

Letp € TT. Then, for all M and all X, Y,
| MEx ¢, M Ey ¢ =M Exuy ¢

By induction over ¢.
@ If ¢ is a first order literal, obvious;
@ Ifpist; @y, takes e X UY.
o Ifs e X, since M =x t 0t thereis s’ € X, t}<s> = 3<s’>;
o Ifse€Y,since M =y t10t; thereis s’ € Y, t1(s) = to(s’).
So3s' e X UY, ty(s) = tr(s'), and M [=xuy 11 @ t;

Ol

o
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Inclusion Logic

A Closure Property for 7+

Proof (continued):

@ IfM ':x 11 Vo and M ):Y 11 Vo, then X = X U Xs,
Y =Y, UY;, and

M ):Xi i, M ):Yi (U fori = 1,2

SO0 M [Ex,uy; ¥1: M FExuy, Y2 and M =xuy Y1V s,
@ IfM Ex 1 Ay and M =y 91 A o then

M Ex ¥1,M Ex ¥2,M Ey ¥1,M =y 1.

Then M Exuy ¥1, M Exuy ¥2 and M f=xuy ¢1 A .

Ol

o
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Inclusion Logic

A Closure Property for 7+

@ IfM |=x 3z and M =y Jz9), then M |=xn, /2] ¥ and
M =y H,/7] ¥ for some F, G. By induction hypothesis,
M }:X[Hl/Z]UHg[G/Z] 1. Now let H = H; U Hy: then
(XUY)[H/z] = X[H1/z] U Y [H2/z] and hence
M Exuy 329.
o IfM ’:X Yz and M 'ZY vz, M ):X[M/Z] P and
M Exm/z ¥- But (X UY)[M/z] = X[M/z]UY[M/z] and
M E=xm/zuy M/z] ¥ by induction hypothesis, so
M Exuy Vzy.

Ol

o
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Inclusion Logic

A closure property for 7

Let ¢ € T (Strict Semantics). Then, for all M and all X,Y with
Xny =40,
M Ex ¢, M Ey ¢ = M Exuy ¢

Just like the previous one. Ol
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Inclusion Logic

Dependence Logic and 7"

Corollary: D ¢ T+
Dependence Logic is not contained in 7, and

FOLCTTCT =1
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Inclusion Logic

Dependence Logic and 7"

Corollary: D ¢ T+

Dependence Logic is not contained in 7, and

FOLCTTCT=1.

¥
¥
A\

Proof of the corollary

Consider X = {(x : 0)}, Y = {(x )}
Then M Ex=(x) and M |=y (x)

M FExuy =(X).

Hence, constancy atoms are not expressible in Inclusion
Logic. Ol

>
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Inclusion Logic

Inclusions between logics of imperfect information
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Inclusion Logic

T+ and T~ for Quantifier Free Formulas

Let ¢ € T be quantifier-free. If ¢ is expressible in Dependence
Logic and in Inclusion Logic then it is expr. in FO.
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Inclusion Logic

7+ and T~ for Quantifier Free Formulas

Corollary

Let ¢ € T be quantifier-free. If ¢ is expressible in Dependence
Logic and in Inclusion Logic then it is expr. in FO.

A\

Proof of the corollary:
¢ expr. in Dependence Logic, so ¢ is downwards closed:

M ':x p=Vse XM ):{S} ¢.
¢ expr. in Inclusion Logic, so ¢ is closed under unions:

Vs e X, M |:{5} ¢o=M |:x o.

Therefore ¢ is flat, and, by (Vaananen 2007), it is first order. [

o
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Inclusion Logic

A Conjecture: 7T N7 =FO

Letp € T+, ¢ € T~ (or ¢ € D) be such that

MEx ¢ &M x ¢

for all suitable M and X. Then there exists a ¢” € FO s.t.

b=¢' ="
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Inclusion Logic

A Conjecture: 7T N7 =FO

Letp € T+, ¢ € T~ (or ¢ € D) be such that

MEx ¢ &M x ¢

for all suitable M and X. Then there exists a ¢” € FO s.t.

b=¢' ="

Perhaps prove using Craig Interpolation (as in KV 2009)?
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