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M = Rt if and only if {(s) € RV;

M |=¢ —Rt if and only if {(s) & RM;

M =5ty = b if and only if £ (s) = t(s);

M =5ty # b if and only if t1(s) = b(s);

MEs oAy ifandonly if M =5 ¢ and M =5 4;
MEsovyifandonly if M =g ¢ or M =g 1

M |=s 3x¢ if and only if 3m € Dom(M) s.t. M [=g(m/x
M |=s Vx¢ if and only if vm € Dom(M), M =gm/x ¢-
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

From Assignments to Teams

Assignments as states of things

An assignment s is a state of things; M =5 ¢ if ¢ is true in the
state of things s.
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From Assignments to Teams

Assignments as states of things

An assignment s is a state of things; M =5 ¢ if ¢ is true in the
state of things s.

A team X is a set of assignments (states of things | believe
possible).
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Dependence Atoms and Dependence Logic
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From Assignments to Teams

Assignments as states of things

An assignment s is a state of things; M =5 ¢ if ¢ is true in the
state of things s.

A team X is a set of assignments (states of things | believe
possible).

Team Semantics

M =x ¢ if and only if M =5 ¢ for all s € X.
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The Powerset Construction
Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Team Semantics

Team Semantics
M =x ¢ if and only if M =5 ¢ for all s € X.

If « literal, M =x «iff forall s € X, M =5 «;

MEx o nyiffforalls e X, M =s ¢ and M =5 ;

ME=x ¢ovyififorall s e X, Ml=s ¢ or M =5 9;

M =x 3x¢ iff for all s € X, 3m € Dom(M) s.t. M |=g(m/x) ¢;
M =x Vx¢ iff for all s € X, Vvm € Dom(M), M E=g(m/x ¢-
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Team Semantics

Team Semantics
M =x ¢ if and only if M =5 ¢ for all s € X.

If « literal, M =x «iff forall s € X, M =5 «;

MEx o AN iff M =x ¢ and M |=x 9,

ME=x ¢ovyififorall s e X, Ml=s ¢ or M =5 9;

M =x 3x¢ iff for all s € X, 3m € Dom(M) s.t. M |=g(m/x) ¢;
M =x Vx¢ iff for all s € X, Vvm € Dom(M), M E=g(m/x ¢-
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Team Semantics

Team Semantics
M =x ¢ if and only if M =5 ¢ for all s € X.

If « literal, M =x «iff forall s € X, M =5 «;

MEx o AN iff M =x ¢ and M |=x 9,

MExoVvyift X=YUZ MEy ¢and M =7 9,

M =x 3x¢ iff for all s € X, 3m € Dom(M) s.t. M |=g(m/x) ¢;
M =x Vx¢ iff for all s € X, Vvm € Dom(M), M E=g(m/x ¢-
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The Powerset Construction
Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Team Semantics

Team Semantics
M =x ¢ if and only if M =5 ¢ for all s € X.

If « literal, M =x «iff forall s € X, M =5 «;

MEx o AN iff M =x ¢ and M |=x 9,
MExoVvyift X=YUZ MEy ¢and M =7 9,

M Ex Ix¢ iff 3F : X — Dom(M) s.t. M \:X[,_—/X] o;

M =x Vxo¢ iff for all s € X, vm € Dom(M), M ):s[m/X] 0.
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The Powerset Construction
Dependence Atoms and Dependence Logic
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Team Semantics

Team Semantics
M =x ¢ if and only if M =5 ¢ for all s € X.

If o« literal, M =x aiff forall s € X, M =5 «;
MEx ¢ ANy iff Mi=x ¢ and M Ex 1;

MEx oVvyiff X=YUZ My ¢and M =z
M Ex Ix¢ iff 3F : X — Dom(M) s.t. M \:X[,_—/X] o;
M =x Vx¢ it M =xm/x ¢
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Extending Team Semantics?

Team Semantics
M =x ¢ if and only if M |=5 ¢ for all s € X.

@ Can add new atomic formulas:

M =x EVEN(?) iff |{s(t) : s € X}| is even;

@ Can add new connectives:

M=x ~ ¢ iff M Ex ¢.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Extending Team Semantics?

Team Semantics
M =x ¢ if and only if M |=5 ¢ for all s € X.

@ Can add new atomic formulas:

M =x EVEN(?) iff [{s(t) : s € X}| is even;

@ Can add new connectives:

M=x ~ ¢ iff M Ex ¢.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Which truth conditions are interesting?

Teams = sets of assignments = relations:
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Which truth conditions are interesting?

Teams = sets of assignments = relations:
X ={s,¢,s"}

‘ Xq ‘ Xo ‘ X3 ‘ C
s | s(x1) | s(x2) | s(xs)
s | s'(x1) | (x) | s'(x3)
s'(x1) | 8"(x2) | s"(x3)
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Which truth conditions are interesting?

Teams = sets of assignments = relations:
X ={s,¢,s"}

‘ Xq ‘ Xo ‘ X3 ‘

Conditions over relations

Conditions used in database theory are interesting (and
already well-studied).
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic
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0 Dependence and Independence Logic

@ Dependence Atoms and Dependence Logic
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Functional Dependencies

Definition
X, y tuples of attributes, R relation.

REX— yiffforallr,r' € R, r(X) = r'(X) = r(y) = r'(y).

@ The most important form of dependency;
@ Normal forms;
@ Axiomatizations.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Examples of Functional Dependency

Person | Date of Birth | Nationality
Hilbert | 23/01/1862 German
Gauss | 30/04/1777 German
Euler | 15/04/1707 Swiss

@ R |= Person — Date of Birth;
@ R [~ Nationality — Person;
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Examples of Functional Dependency

Person | Date of Birth | Nationality
Hilbert | 23/01/1862 German
Gauss | 30/04/1777 German
Euler | 15/04/1707 Swiss

@ R |= Person — Date of Birth;
@ R [~ Nationality — Person;
@ R = Date of Birth — Nationality.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Examples of Functional Dependency

Person | Date of Birth | Nationality
Hilbert | 23/01/1862 German
Gauss | 30/04/1777 German
Euler | 15/04/1707 Swiss
Smith 15/04/1707 English

@ R = Person — Date of Birth;
@ R [~ Nationality — Person;
@ R [~ Date of Birth — Nationality!
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Armstrong’s Axioms

The Implication Problem

I (finite) set of functional dependencies. When is it the case
thatl =X — y, thatis, RET=REX— y?

Armstrong 1974
o If y C Xthenk X — y;
@ X = yFXZ—yzZ
e Xy y—ZFX— Z
o If Z permutes X and w permutes y then X — y - Z — w.

The above axioms are sound and complete.
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Dependence Logic (Vaananen 2007)

Dependence Atoms
M =x =(t; ... tp) if and only if

{(t(8),...,ta(S)):se X} El...In_.1 = Iy

Dependence Logic (Vaananen 2007)

Dependence Logic D = First Order Logic (with Team
Semantics) + dependence atoms.
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The Powerset Construction
Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Properties of Dependence Logic (all from V. 2007)

The empty team sastisfies everything

For every ¢ and M, M |=; ¢;

Downwards Closure

If M=x ¢and Y C X then M =y ¢;

Stronger than First Order Logic

M = 3z9xx"3yy' (=(X, YN =(X", Y )N (x =X < y =y )Ny # 2)
if and only if M is infinite
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Dependence Logic and %1 (V. 2007)

From Dependence Logic to X!

For every sentence ¢ € D there exists a ¢’ € £1 such that

M =g, ¢ if and only if M = ¢;

From X} to Dependence Logic

For every sentence ¢’ € £] there exists a ¢ € D such that

M =gy, ¢ if and only if M |= ¢'.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Definability in D (Kontinen, Vaananen 2009)

A sentence ¢ € ¥! with signature ¥ U {R} is downwards
monotone for R if

M,Ri=&,R CR= MR E o.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Definability in D (Kontinen, Vaananen 2009)

From Dependence Logic to X1(R~)

For every formula ¢ € D there exists a sentence ¢’ € £1(R™)
such that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M
and all nonempty X.
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Definability in D (Kontinen, Vaananen 2009)

From Dependence Logic to X1(R~)

For every formula ¢ € D there exists a sentence ¢’ € £1(R™)
such that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M
and all nonempty X.

From £1(R~) to Dependence Logic

For every sentence ¢/(R) € £1(R~) there exists a formula
¢ € D such that M |=x ¢ if and only if M, Rel(X) = ¢’ for all
suitable M and all nonempty X.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Outline

0 Dependence and Independence Logic

@ Independence Atoms and Independence Logic
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Embedded Multivalued Dependencies

Definition
R relation, X, y, Z tuples of attributes.

Then R = X — y | Zif and only if, for all r, r’ € R such that
r(X) = r'(X) there exists a r’ € R such that

— —

r'(Xy) = r(Xy) and r"(XZ) = r(XZ).

@ Huge literature on the topic;

@ If XyZ contains all attributes of R (full mvd), sound and
complete axiomatization;

@ In general, not known if implication problem is decidable.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Example of Embedded Multivalued Dependency

Professor | Doctoral Student | University
Hilbert Ackermann Kdnigsberg
Hilbert Blumenthal Kdnigsberg
Hilbert Ackermann Géttingen
Hilbert Blumenthal Gottingen
Gauss Bessel Gottingen
Gauss Dedekind Géttingen

@ R [~ Professor — Doctoral student;
@ R [~ Professor — University;
@ R |= Professor — Doctoral Student | University.

Pietro Galliani Independence logic and tuple existence atoms
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Example of Embedded Multivalued Dependency

Professor \ Doctoral Student , .
Professor | University

H!Ibert Ackermann Hilbert | Kénigsberg
Hilbert Blumenthal - Atti
Hilbert Géttingen
Gauss Bessel Gauss | Géttingen
Gauss Dedekind J

@ R [~ Professor — Doctoral student;
@ R [~ Professor — University;
@ R = Professor — Doctoral Student | University.
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Independence Logic (Gradel, Vaananen 2010)

Independence Atoms

MEx =b 1z t; if and only if, for all s, s’ € X such that
f(s) = £ (s') there exists a 8" € X such that

Independence Logic

Independence Logic Z = First Order Logic (with Team
Semantics) + independence atoms.

Pietro Galliani Independence logic and tuple existence atoms
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Dependence Atoms and Dependence Logic
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Independence Logic and Embedded Multivalued
Dependencies

Observation (Fredrik Engstrém)
ME=x b 1g & if and only if

— -

{(t1 <S>,t2<3>,£3<$>) -S€ X} ):a = Z? ’ E3
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Dependence Atoms and Dependence Logic
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Independence Logic and Dependence Logic

Dependence Logic is contained in Independence Logic

M =x =(1, t,) if and only if M [=x ty L t.

Proof (Grédel, Vdéanédnen 2010):
MExty Lyt &
& Vs, s e X, ift(s) = {(s') then 3s” € X s.t.
s.t. 18"V tn(s") = H(s)ta(s) and t(s")ty(8") = t(s')ta(s)) <
o Vs, s € X, if t(s) = 1(s) then t,(s) = ty(s') =
&M=y =t t).
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Independence Logic and ¥

From Independence Logic to Z] (Gradel, Vaananen 2010)

For every sentence ¢ € 7 there exists a ¢’ € £ such that

M =g, ¢ if and only if M = ¢';

Corollary (Gradel, Vaananen 2010)

On the level of sentences, Z =D = ¥1.
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Definability in Independence Logic?

What about formulas in Independence Logic?
Not answered in (Gradel, Vaananen 2010).

Open Problem: Characterize the NP properties of
teams that correspond to formulas of independence
logic.

Pietro Galliani Independence logic and tuple existence atoms
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Dependence Atoms and Dependence Logic
Independence Atoms and Independence Logic

Definability in Independence Logic?

What about formulas in Independence Logic?
Not answered in (Gradel, Vaananen 2010).

Open Problem: Characterize the NP properties of
teams that correspond to formulas of independence
logic.

Will answer this in this talk, as a corollary.
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Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Outline

9 Tuple Existence Logic
@ Inclusion and Exclusion Dependencies
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Inclusion Dependencies

Definition

R relation, X, y tuples of attributes, |X| = |y/|.

Then R = X C y if and only if for all r € R there exists an r’ € R
such that

r(x) =r'@y).

@ Fairly well studied;
@ Sound and complete axiomatization.
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Example of Inclusion Dependency

Professor | University Person | Date of Birth
Hilbert | Konigsberg Hilbert | 23/01/1862
Hilbert Géttingen Gauss | 30/04/1777
Gauss Gottingen Torvalds | 28/12/1969

@ R = Professor C Person;

Pietro Galliani Independence logic and tuple existence atoms



Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Example of Inclusion Dependency

Professor | University Person | Date of Birth
Hilbert | Konigsberg Hilbert | 23/01/1862
Hilbert Géttingen Gauss | 30/04/1777
Gauss Gottingen Torvalds | 28/12/1969

@ R = Professor C Person;
@ R [~ Person C Professor.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Exclusion Dependencies

Definition
R relation, X, y tuples of attributes, |X| = |y|.
Then R = X | y ifand only if, for all r, r' € R,

r(x) #r'(y).

@ Often, not used explicity;
@ Very commonly used implicitly, for typing of attributes;

@ Sound and complete axiomatization together with inclusion
dependencies.
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Example of Exclusion Dependency

Professor | University Person | Date of Birth
Hilbert | Konigsberg Hilbert | 23/01/1862
Hilbert Géttingen Gauss | 30/04/1777
Gauss Gottingen Torvalds | 28/12/1969

@ R = University | Date of Birth;
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Example of Exclusion Dependency

Professor | University Person | Date of Birth
Hilbert | Konigsberg Hilbert | 23/01/1862
Hilbert Géttingen Gauss | 30/04/1777
Gauss Gottingen Torvalds | 28/12/1969

@ R = University | Date of Birth;
@ R [~ Professor | Person.
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Axioms for Inclusion/Exclusion Dependencies

Axioms for Inclusion Dependencies
e N:FXCX;
@ I12: Forallmne Nandforall f:1...n—1...m,

X1 XmC Yy ...yml—xf(1)...xf(,,) gyf(1)...yf(,,);

0I3: XCy,yCZrkXCZ
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Axioms for Inclusion/Exclusion Dependencies

Axioms for Inclusion Dependencies
e N:FXCX;
@ I12: Forallmne Nandforall f:1...n—1...m,

X1 XmC Yy ...yml—xf(1)...xf(,,) gyf(1)...yf(,,);

0I3: XCy,yCZrkXCZ

Casanova, Fagin, Papadimitriou 1983:

11, 12 and I3 form a sound and complete system for the
inclusion dependency implication problem.
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Axioms for Inclusion/Exclusion Dependencies

Axioms for Exclusion Dependencies

@E1:X|yFy|X;

@ E2:ForallmneNandforallf:1...n—1...m,

X1y - Xe(ny | Ye(1) -+ Yeny S X4 oo Xm | Y1 oo Ymi

@ E3: X | X+Z|w;
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Axioms for Inclusion/Exclusion Dependencies

Axioms for Exclusion/Inclusion Interaction
@ IE1: X |XFZCw;

— —

0 IE2:XCy,ZCW,j|WwrX|Z
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

Axioms for Inclusion/Exclusion Dependencies

Axioms for Exclusion/Inclusion Interaction
@ IE1: X |XFZCw;

— —

0 IE2:XCy,ZCW,j|WwrX|Z

Casanova 1983:

11,12, 13, E1, E2, E3, IE1 and IE2 form a sound and complete
system for the inclusion/exclusion dependency implication
problem.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Inclusion + Functional Dependencies is undecidable!

Mitchell 1983, Chandra, Vardi 1985:

The implication problem for the class of functional and inclusion
dependencies is undecidable.

Proof Sketch:

The word problem for monoids is known to be undecidable from
(Post 1947), and is reducible to the implication problem for
inclusion and functional dependencies.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Outline

9 Tuple Existence Logic

@ Tuple Existence Logic
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Tuple Existence Atoms
M =x t @ & if and only if {(f(s), &2(s)) : s € X} =t C b;

Negated Tuple Existence Atoms
M =x —~(t @ &) if and only if {(f(s), &(s)) : s € X} =t | fo.

Tuple Existence Logic

Tuple Existence Logic Logic 7 = First Order Logic (with Team
Semantics) + tuple existence literals.

T~ = only negated tuple existence atoms,

7+ = only non-negated tuple existence atoms.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Direct Definitions for Tuple Existence Literals

Semantics

Tuple Existence Atoms

M =x =t @ b, if and only if for all s € X there exists a s’ € X
such that

—

f(s) = b(s);

Negated Tuple Existence Atoms

M =x = —(f; @ &) if and only if, for all s, s’ € X,

b (s) # B(s).
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

What do we want to know about 7 7?

@ What is the relation between Dependence Logic and Tuple
Existence Logic?

@ What is the relation between Independence Logic and
Tuple Existence Logic?

@ What is the expressive power of Tuple Existence Logic
over open formulas?
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Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic

Full Tuple Existence Logic is Independence Logic

9 Tuple Existence Logic

@ Negative Tuple Existence Logic is Dependence Logic

Pietro Galliani Inde;



Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Dependence atoms are expressible in 7~

The dependence atom =(t; ... t,) is equivalent to the
expression

VZ(Z =1tV —|(t1 R PSR4 C I PR tn))
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Dependence atoms are expressible in 7~ (simple case)
The dependence atom =(x, y) is equivalent to the expression

Vz(z =y V —~(xz @ xy)).
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
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Dependence atoms are expressible in 7~ (simple case)
The dependence atom =(x, y) is equivalent to the expression

Vz(z =y V —(xz @ xy)).

X y z

S1(X) 31(y) my Si(X):Sj(X)#Si(y):Sj(y)
si(x) | s1(y) | me Suppose my 7 i(y).

si(x) | si(y) | . Then for all J:

so(x) | sa(y) | my If 5i(x) = sj(x),
2| () = () # m.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Dependence atoms are expressible in 7~ (simple case)
The dependence atom =(x, y) is equivalent to the expression

Vz(z =y V —(xz @ xy)).

Proof (Left to Right).

Suppose M =x=(x,y),let Y = {s[m/z] : s € X, m # s(y)}.

If M =y —(xz @ xy), done.

Sotake h, € Y, h(x) = H'(x), H'(y) = h(z) # h(y).
Contradiction. O
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Dependence atoms are expressible in 7~ (simple case)
The dependence atom =(x, y) is equivalent to the expression

Vz(z =y V —(xz @ xy)).

Proof (Right to Left).

Suppose M (~x=(x,y). Then exist s, 8" € X s.t. s(x) = §'(x),
s(y) # s'(¥)-

Consider h = s[s'(y)/z], W' = §'[s(y)/z].

h(y) # h(z), h'(y) # H'(2).

But h(x) = s(x) = §'(x) = H(x) and h(z) = s'(y) = K (y).
So M fx Vz(z =y V —=(xz @ xy)). O
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From D to 7~

Negated tuple existence atoms are expressible in D

There exists a formula ¢ in Dependence Logic such that
M =x ¢ if and only if M |=x —(f; @ )

—(f; @ ) holds of the empty team, and M =x —(; @ b) iff

M, Rel(X) = V8152(RS1 A RSz — £(81) # 1(S2)).

By KV 20009, this is expressible in Dependence Logic. O
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Tuple Existence Logic and Dependence Logic

FO(Team) + Functional Dep. = FO(Team) + Exclusion Dep.

Even wrt open formulas!
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Outline

9 Tuple Existence Logic

@ Full Tuple Existence Logic is Independence Logic
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Backslashed Disjunction

Backslashed Disjunction
MEx ¢ Vi< X=YUZ MEy ¢, M =z + and the splitting
depends only on f: for all 5, 8" € X, if {(s) = £(s) then

seY[Z]e s eY[Z].
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Backslashed Disjunction

Backslashed Disjunction is expressible in Dependence Logic
¢ V¢ is equivalent to

Fun g |\ =(Eu) A (U1 = 2 A @)V (Us = Ug A )

Backslashed Quantification is expressible in 7.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in T

b 1 t; is equivalent to

VB1B2Bs(—(B1B2 @ tit2) Vs, 5,3, ~(P1Ps @ t183)V5, 5,5,
V5, 5,5, P1P2P3 © tibh).
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(—(P1P2 @ Xy) V5 ~(p1P3 @ X2) V5 p1p2p3 @ Xyz).

If si(x) = sj(x) then exists k,
x |y | z sk(xy) = si(xy),
s1(2) sk(xz) = sj(xz).
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(—(P1P2 @ Xy) V5 ~(p1P3 @ X2) V5 p1p2p3 @ Xyz).

If si(x) = sj(x) then exists k,

x | vy | z sk(xy) = si(xy),
) | s1(2) sk(x2) = sj(x2).
s2(x) | s2(y) | s2(2)

mq,my,mz € M.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
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From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(—(p1P2 @ Xy) Vg ~(p1Pp3 @ X2) V5 p1p2p3 @ Xyz).

If si(x) = sj(x) then exists k,
x |y | z sk(xy) = si(xy),
s1(2) sk(xz) = sj(xz).

)
SZ(X) SZ(y) 32(2) o Vi, Si(Xy) ?é mymo;

mq,my,mz € M.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(—(P1P2 @ Xy) V5 ~(p1p3 @ x2) Vg p1p2p3 @ Xyz).

If si(x) = sj(x) then exists k,
x |y | z sk(xy) = si(xy),
s1(2) sk(xz) = sj(xz).

)
SZ(X) SZ(y) 32(2) o Vi, Si(Xy) ?é mymo;
Q V), sj(xz) # mims;

mq,my,mz € M.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(=(P1p2 @ Xy) V5 =(p1Ps @ X2) Vg p1p2ps @ Xyz).

If si(x) = sj(x) then exists k,
x |y | z sk(xy) = si(xy),
s1(2) sk(xz) = sj(xz).

)
Q V), sj(xz) # myms;
mq, My, m3 € M. Q 3k, sk(xyz) = mymoms.
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(—(p1p2 @ Xy) Vg —(P1P3 @ x2) V5 p1P2ps @ Xyz).

Proof (Left to Right).
Suppose M =x y Ly z, let h € X[M/pyp2ps]-
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1p2p3(—(p1p2 @ xy) Vg ~(P1p3 @ x2) V5 p1P2ps @ Xyz).

Proof (Left to Right).
Suppose M =x y Ly z, let h € X[M/pyp2ps]-
@ If Vs € X, s(xy) # h(p1p2), he Yi: M =y, —(p1p2 @ xy);
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1p2p3(—(p1p2 @ Xy) Vg —(p1p3 @ x2) V5 p1P2ps @ Xyz).

Proof (Left to Right).

Suppose M =x y Ly z, let h € X[M/pyp2ps]-
@ IfVs e X, s(xy) # h(p1p2), he€ Yi: M =y, ~(p1p2 @ xy);
° IfVs e X, s(xz) # h(p1ps), h € Ya: M |=y, —(p1ps @ x2).
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Independence atoms in 7 (simple case)
y Lx zis equivalent to the expression

Vp1P2p3(—(p1p2 @ Xy) Vg —(P1P3 @ x2) V5 p1P2p3 @ xyz).

Proof (Left to Right).

Suppose M =x y Ly z, let h € X[M/pyp2ps]-
@ IfVs e X, s(xy) # h(p1p2), he€ Yi: M =y, ~(p1p2 @ xy);
o IfVs € X, s(xz) # h(pips), h € Yao: M |=y, —(p1ps @ x2).
@ Otherwise, he Y3: M =y, p1pop3 © xyz.

Ol
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Proof (Right to Left).

Suppose M tex y Ly z: 3s, 8" € X s.t s(x) = §/'(x), but
s" € X = §"(xy) # s(xy) or 8" (xz) # s'(xz).

my = s(x) = §'(x), Mz = s(y), m3 = §'(2).
h = s[my /ps][ma/pe]lms/ps], b = s'[my/p1][m2/pe][ms/ps].
Q hH e Yy, My, —pip2 @xy: NO, h(xy) = h(psp2);
Q h W e Yo MEy, -pips @ xz: NO, H(xz) = N (p1ps3);

Q h W e Y, Mgy, pipops @ xyz: NO, contradiction.
]
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

From 7 toZ

Proof (Right to Left).

Suppose M tex y Ly z: 3s, 8" € X s.t s(x) = §/'(x), but
s" e X = §"(xy) # s(xy) or 8" (xz) # s'(xz).

my = s(x) = §'(x), Mz = s(y), m3 = §'(2).
h = s[my /ps][ma/pe]lms/ps], b = s'[my/p1][m2/pe][ms/ps].
Q hH e Yy, My, —pip2 @xy: NO, h(xy) = h(psp2);
Q h W e Yo MEy, -pips @ xz: NO, H(xz) = N (p1ps3);

Q h W e Y, My, pipops @ xyz: NO, contradiction.
L]
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

FromZto 7T

Tuple Existence Atoms in Z

f @ b, is equivalent to

VubZ(Z£HAZ4B)V (U #£ b ANZ#£ b))V
V(=2 VZ=b)NZ Ly utp)).
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

FromZto 7T

Tuple Existence Atoms in Z (simple case)
x @ y is equivalent to

Viz((z#XANZF#Yy)V (U # U2 ANZ F# YV
V(lh=wVz=y)ANz Lyuuw)).

For all i there exists a J,
Si(y) = si(x).
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

FromZto 7T

Tuple Existence Atoms in Z (simple case)

Vinpz((Z#XANZFy)V (U # U ANZ # Y)Y
V(i = Vz=y)ANz Lyuiup)).

X y up = w? | z  Forallithere exists aj,

s [s0) | Y [s0g S =six).

s1(x) | s1(y) Y si(y) Ifu =up, ze{xy};

St éX; St Ey; N St Ey; fuy # up, z=y.

So(X) | So(y Y So(X _ _ :
(N, z=si(y)) = (Y, z = 5;(¥));

Sa2(x) | s2(y) Y S2(¥) _ . _ o

o) | sa(y) N s2(y) (Y,z = si(x)) = (N, z = s;(y)).

Pietro Galliani Independence logic and tuple existence atoms



Inclusion and Exclusion Dependencies
Tuple Existence Logic Tuple Existence Logic

Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

FromZto 7T

Tuple Existence Atoms in Z (simple case)

XQy=Vuwz((Zz#FXNZ#Yy)V (Ut U ANZF#Y)V
V(lhn=wVz=y) Nz Lyuiw)).

Proof (Left to Right).
Y = {s[my/us][mz/up][m3/2] : s € X, my = mp and
and mg € {s(x),s(y)}, or my # my and m3 = s(y)}.
If | show that Y =z Ly ujuo, done. Take s,s" € Y.
If s(z) = s(y), s[s'(u1)/u1][s'(u2)/u2] € Y
If s(z) = s(x),3s" € X, " (y) = s(x);
Then s”[s'(uq)/uq][S' (u2)/u2][s(2)/2] € Y, done. O
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

FromZto 7T

Tuple Existence Atoms in Z (simple case)

XQy=Vuwz((z#£xNz£y)V(U U NZ#Y)V
V((up=uVz=y)Az Lyuu)).

Proof (Right to Left).

s € X, h=s[0/us][0/u2][s(x)/2], b = s[0/us][1/uz][s(y)/2].
hHeY, YEzLyuu?

Then 3K, H'(uy) =0, W' (w) =1, H'(z) = h(z) = s(x).

But then H'(y) = h'(2) = s(x). O
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Inclusion and Exclusion Dependencies

Tuple Existence Logic Tuple Existence Logic
Negative Tuple Existence Logic is Dependence Logic
Full Tuple Existence Logic is Independence Logic

Tuple Existence Logic and Independence Logic

Independence Logic is equivalent to Tuple Existence Logic.

Independence Logic = Dependence Logic + Inclusion Dep.

Even wrt open formulas!
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Outline

© Definability in Tuple Existence Logic
@ The main Theorem
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Definability in Tuple Existence Logic

From Tuple Existence Logic to ]

For every formula ¢ € T there exists a sentence ¢’ € Z] such
that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.

From £ to Tuple Existence Logic

For every sentence ¢/(R) € X! there exists a formula ¢ € T
such that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M
and all nonempty X.
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Definability in Tuple Existence Logic

From Tuple Existence Logic to ]

For every formula ¢ € T there exists a sentence ¢’ € Z] such
that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.

From £ to Tuple Existence Logic

For every sentence ¢/(R) € X! there exists a formula ¢ € T
such that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M
and all nonempty X.

Thanks to Juha Kontinen for pointing out this requirement!
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Corollary: Definability on Independence Logic

Definability in Tuple Existence Logic

From Independence Logic to X!

For every formula ¢ € Z there exists a sentence ¢’ € ¥ such
that M E=x ¢ if and only if M, Rel(X) | ¢’ for all suitable M and
all nonempty X.

From ! to Independence Logic

For every sentence ¢/(R) € X! there exists a formula ¢ € 7
such that M =x ¢ if and only if M, Rel(X) | ¢’ for all suitable M
and all nonempty X.
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Outline

© Definability in Tuple Existence Logic

@ Proof: Left to Right
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Left to Right

From Tuple Existence Logic to ]

For every formula ¢ € T there exists a sentence ¢’ € £1 such
that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Left to Right

From Tuple Existence Logic to X!

For every formula ¢ € T there exists a sentence ¢’ € £1 such
that M =x ¢ if and only if M, Rel(X) |= ¢’ for all suitable M and
all nonempty X.

By structural induction of ¢, easy.
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Outline

© Definability in Tuple Existence Logic

@ Proof: Right to Left



The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Right to Left

From £ to Tuple Existence Logic

For every sentence ¢'(R) € X! there exists a formula ¢ € T
such that M =x ¢ if and only if M, Rel(X) = ¢’ for all suitable M
and all nonempty X.

Similar to the one for D in Kontinen and Vaananen, 2009.

Write ¢/(R) as 3R'3f VZ((R'X <> RX) Ay(R', Z)) where X
subsequence of Z,

1 quantifier free, R not in ¢, each f; only as f;(w;) for some fixed
w; C Z, R' only as R'X. O
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Write ¢/(R) as 3R'3f VZ((R'X <> RX) Ay(R', Z)) where ¥
subsequence of Z,

1 quantifier free, R not in ¢, each f; only as f;(w;) for some fixed
w; C Z, R' only as R'X.

Then M, Rel(X) | ¢ if and only if

M, Rel(X) = 3919537 VZ((1(F) = h(R) > AX) A ¥/(2))

where ¢’ = [fiX = fLX/RX]. O
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Right to Left

Proof (continued).

¢' = 3g1923f VZ((g1(X) = go(X) > RX) A/(2))

where ¢/ = ¢[g1X = goX/RX].
Then, if X nonempty, Dom(X) = y, M, Rel(X) E ¢ iff

i=1

>
M |=xVZ3us tp V( (/\ xu,/\/\ W/,V/)

A(X@Y At =)V (ﬂX©yAU1 # U)) N\ 0)

where 6 is ¢/ [uy /g1 X[t/ goX|[W/ FW]. O
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Suppose that, for all s with domain Z,

M,Rel(X), g1, 90, f = (g1(X) = g2(X) < RX) AV (2).

-

Extend X to Y choosing the uy, u», vV according to g1, go, f.
o M=y N2y =(X,u;) A \; =(W}, v)): obvious;
@ M =y 0: by construction;
O MEy (X@YyAuU =U)V(-XQ@Y AU # Up):
If uy = up, X € Rel(X), so X @ y;
If uy # un, X ¢ Rel(X), so X Q@ y.

Ol
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Right to Left

Proof (continued).
Conv., suppose X nonempty, Y = X[M/Z][G:/u1][Gs/ws][F/ V],

2
M):y/\ XU//\/\ Wjavl

=1
M)ZY(X@}’/\U1=U2) (~X @y Aut # ),
My 0.

Choose g1(X), g2(X), f(vT/) according to Gy, Go, F
Let s be any assignment, domain = Z. O
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The main Theorem
Proof: Left to Right
Proof: Right to Left

Definability in Tuple Existence Logic

Right to Left

Proof (continued).

Choose g;(X), g=(X), f(W) according to Gy, G, F.
Let s be any assignment, domain = Z.
@ M,Rel(R), g1, 0, f =5 ¢': Take h € X. Then
hls/2][g1/ui]lge/Lllf/V] € Y, M =y 0.
° Ma ReI(R)7g17927f ):S g1 ()_()) = 92()_(') A R}
Suppose g1 (X) = g2(X), let h € X.
Consider 0 = h[s/Z][g1/u1][g=/ ue][f/V]:
o€ Yy ,MEy X@y.So30 € Yy, 0(y) = o(X), so
s(X) = o(X) € Rel(X).

Ol
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Right to Left

Proof (finished).

Choose g4 (X), g2(X), f(vT/) according to Gy, Go, F.
Let s be any assignment, domain = Z

° M7 ReI(R)7g1ag2a F ):S g1( ) g2( ) A RX:
Suppose gi(X) # g2(X), let h € X.
Consider 0 = h[s/Z][g1/u1][g2/ wel[f/V]:
0€ Yo, MEy, =X @). SoVo € Ya, 0(y¥) # o(X).
Butforall i € X, o = H[s/Z][g1/u1][gz/ ta][f/V] € Yo;
then, for all such #,
s(X) = o(X) # d'(y) = H(y).
Therefore, s(X) ¢ Rel(X).

Ol
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The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Definability in Tuple Existence Logic

Equality Generating Dependencies

VX(RG A ... ARty — thyq = thi2)

Tuple Generating Dependencies

VX(Rt A ... A Rt, — 3yRY)

Pietro Galliani Independence logic and tuple existence atoms



The main Theorem
Proof: Left to Right

Definability in Tuple Existence Logic Proof: Right to Left

Definability in Tuple Existence Logic

Equality Generating Dependencies

VX(RG A ... ARty — thyq = thi2)

Tuple Generating Dependencies

VX(Rt A ... A Rt, — 3yRY)

Corollary

All Tuple Generating and Equality Generating Dependencies
are expressible in Independence Logic (orin 7).
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Conclusion

Conclusion

@ Done:

e New logic of imperfect information 7, based on incl. and
excl. dependencies;

e Characterized Dependence Logic as a fragment of T;

e Proved than Independence Logic is equivalent to 7 (even
on open formulas!);

o Characterized expressive power of 7 (and of Independence
Logic!) on open formulas.
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Conclusion

Conclusion

@ Done:

e New logic of imperfect information 7, based on incl. and
excl. dependencies;

e Characterized Dependence Logic as a fragment of T;

e Proved than Independence Logic is equivalent to 7 (even
on open formulas!);

o Characterized expressive power of 7 (and of Independence
Logic!) on open formulas.

@ To do:

e Game Semantics?
e What about “Inclusion Logic” 7+?
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