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1 Introduction
In abstract argumentation theory [3], an argumentation framework is a directed graph (A,�) [6]. For
x, y ∈ A such that x � y we say that x attacks y. An admissible set, of a given attack graph, is a
set X ⊆ A such that [6]: (a) no two nodes in X attack one another; and (b) for each node y ∈ A\X
attacking a node in X , there exists a node z ∈ X attacking y. Such sets are also called credulously
admissible argument. They form the basis of all main argumentation semantics first developed in [6],
and they are central to the influential graph-theoretic systematization of logic programming and default
reasoning pursued in [4].

One key reasoning tasks is then to decide whether a given argumentation framework contains at least
one non-empty admissible set [7]. Interestingly, the notion has an elegant operationalization in the form
of a two-player game, called Poison Game [5], or game for credulous acceptance [11, 16]. Inspired by
it we define a new modal logic, called Poison Modal Logic (PML), whose operators capture the strategic
abilities of players in the Poison Game, and are therefore fit to express the modal reasoning involved
in the notion of credulous admissibility. This explores research lines presented in [9]. The paper also
defines a suitable notion of p-bisimulation, which answers another open question [8], namely a notion
of structural equivalence tailored for it. More broadly we see the present paper as a contribution to
bridging concepts from abstract argumentation theory, games on graphs and modal logic.

This paper is a natural continuation of the line of work interfacing abstract argumentation and modal
logic. PML sits at the intersection of two lines of research in modal logic: dynamic logic concerned
with the study of operators which transform semantics structures [1, 13, 15]; and game logics analyzing
games through logic [2, 14]. To the best of our knowledge, only [10] (private communication) presented
a preliminary work on a modal logic inspired by the Poison Game.

2 Poison Modal Logic (PML)

2.1 The Poison Game

The Poison Game [5] is a two-player (P, the proponent, and O, the opponent), win-lose, perfect-
information game played on a directed graph (W,R). The game starts by P selecting a node w0 ∈ W .
After this initial choice, O selects w1 a successor of w0, P then selects a successor w1 and so on. How-
ever, while O can choose any successor of the current node, P can select only successors which have
not yet been visited —poisoned— by O. O wins if and only if P ends up in a position with no available
successors. What makes this game interesting for us is that the existence of a winning strategy for P, if
(W,R) is finite, can be shown to be equivalent to the existence of a (non-empty) credulously admissible
argument in the graph [5].
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2.2 Syntax and semantics
The poison modal language Lp is defined by the following grammar in BNF:

Lp : ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | ♦ϕ | �ϕ,

where p ∈ P ∪ {p} with P a countable set of propositional atoms and p a distinguished atom called
poison atom. We will also touch on multi-modal variants of the above language, denoted Lp

n, where
n ≥ 1 denotes the number of distinct pairs (♦i,�i) of modalities, with 1 ≤ i ≤ n and where each �i
comes equipped with a distinct poison atom pi.

This language is interpreted on Kripke modelsM = (W,R, V ). A pointed model is a pair (M, w)
with w ∈ M. We will call M the set of all pointed models and M∅ the set of pointed models (M, w)
such that VM(p) = ∅. We define now an operation • on models which modifies valuation V by adding
a specific state to V (p). Formally, forM = (W,R, V ) and w ∈W :

M•w = (W,R, V )•w = (W,R, V ′),

where ∀p ∈ P, V ′(p) = V (p) and V ′(p) = V (p) ∪ {w}.
We are now equiped to describe the semantics for the � modality (the other clauses are standard):

(M, w) |= �ϕ⇐⇒ ∃v ∈W,wRv, (M•v, v) |= ϕ.

We introduce some auxiliary definitions. The poisoning relation between two pointed models •→∈
M2 is defined as: (M, w)

•→ (M′, w′) ⇐⇒ RM(w,w′) andM′ = M•w′ . Furthermore, we denote
(M, w)• ⊂ M the set of all pointed models accessible fromM via a poisoning relation. Two pointed
models (M, w) and (M′, w′) are poison modally equivalent, written (M, w)

p
! (M′, w′), if and only

if, ∀ϕ ∈ Lp: (M, w) |= ϕ⇐⇒ (M′, w′) |= ϕ.

2.3 Validities and Expressible Properties
Fact 1. Let ϕ,ψ ∈ Lp be two formulas, then the following formulas are valid in PML:

�p↔ �p
�p→ (�ϕ↔ �ϕ)
�(ϕ→ ψ)→ (�ϕ→ �ψ).

To illustrate the expressive power of PML, we show that it is possible to express the existence of
cycles in the modal frame, a property not expressible in the standard modal language. Consider the class
of formulas δn, with n ∈ N>0, defined inductively as follows, with i < n:

δ1 = ♦p

δi+1 = ♦(¬p ∧ δi).

Fact 2. LetM = (W,R, V ) ∈M∅, then for n ∈ N>0 there exists w ∈ W such that (M, w) |= �δn if
and only if there exists a cycle of length i ≤ n in the frame (W,R).

A direct consequence of Fact 2 is that PML is not bisimulation invariant. In particular, its formulas
are not preserved by tree-unravelings and it does not enjoy the tree model property.

PML (or, more precisely, its infinitary version) can express winning positions in a natural way. Given
a frame (W,R), nodes satisfying formulas ��p are winning for O as she can move to a dead end for
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P. It is also the case for nodes satisfying formula ����p: she can move to a node in which, no matter
which successor P chooses, she can then push her to a dead end. In general, winning positions for O are
defined by the following infinitary Lp-formula: p∨��p∨����p∨ · · ·. Dually, winning positions for
P are defined by the following infinitary Lp-formula: ¬p ∧ ♦�¬p ∧ ♦�♦�¬p ∧ · · ·.

3 Expressivity of PML

Definition 1 (FOL translation). Let p, q, . . . in P be propositional atoms, then their corresponding first-
order predicates are called P,Q, . . .. The predicate for the poison atom p is P. Let N be a (possibly
empty) set of variables, and x a designated variable, then the translation STN

x : Lp → L is defined
inductively as follows (where L is the first-order correspondence language):

STN
x (p) = P (x),∀p ∈ P

STN
x (¬ϕ) = ¬STN

x (ϕ)

STN
x (ϕ ∧ ψ) = STN

x (ϕ) ∧ STN
x (ψ)

STN
x (♦ϕ) = ∃y

(
R(x, y) ∧ STN

y (ϕ)
)

STN
x (�ϕ) = ∃y

(
R(x, y) ∧ STN∪{y}

y (ϕ)
)

STN
x (p) = P(x) ∨

∨
y∈N

(y = x).

Theorem 1. Let (M, w) be a pointed model and ϕ ∈ Lp a formula, we have then:

(M, w) |= ϕ⇐⇒M |= ST ∅x (ϕ)[x := w].

A relation Z ⊆M×M is a p-bisimulation if, together with the standard clauses for bisimulation:

Zig�: if (M1, w1)Z(M2, w2) and there exists (M′1, w′1) such that (M1, w1)
•→ (M′1, w′1), then there

exists (M′2, w′2) such that (M2, w2)
•→ (M′2, w′2) and (M′1, w′1)Z(M′2, w′2).

Zag�: as expected.

Invariance under the existence of a p-bisimulation (in symbols,
p

) can be proven to characterize the

fragment of FOL which is equivalent to PML.

Theorem 2. For any two pointed models (M1, w1) and (M2, w2), if (M1, w1)
p

 (M2, w2) then

(M1, w1)
p
! (M2, w2).

Theorem 3. For any two ω-saturated models (M1, w1) and (M2, w2), if (M1, w1)
p
! (M2, w2)

then (M1, w1)
p

 (M2, w2).

Theorem 4. A L formula is equivalent to the translation of an Lp formula if and only if it is p-
bisimulation invariant.

4 Undecidability
In this section we establish the undecidability of PML3 that corresponds to Lp

3. We call R,R1 and R2

the three accessibility relations of a model of PML3. In this variant we only consider models whose
poison valuation is empty.
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We show that the satisfaction problem for PML3 is undecidable. To do so we reduce the problem of
the N× N tilling in a similar way as the undecidability proof for hybrid logic presented in [12].

Theorem 5. The satisfaction problem for PML3 is undecidable.

Based on this result we postulate that PML is also undecidable, especially since we can show that:

Theorem 6. PML does not have the Finite Model Property.

5 Conclusion
In this article we presented a modal logic to describe the Poison Game which is thus able to detect
credulously admissible arguments. This paper is a first exploration of this logic: we gave a first-order
translation, a suitable notion of bisimulation and we proved the undecidability of a variant of PML.
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